Abstract. In this paper, we introduce the foundation of a fractal topological space constructed via a family of nested topological spaces endowed with subspace topologies, where the number of topological spaces involved in this family is related to the appearance of new structures on it. The greater the number of topological spaces we use, the stronger the subspace topologies we obtain. The fractal manifold model is brought up as an illustration of space that is locally homeomorphic to the fractal topological space.
Introduction
The notion of "fractal topology" is usually used in various domains as for example cosmic electrodynamic [7] or complex network from different fields (biology, technology, sociology) [5] . In a mathematical point of view, attempts have been done to relate topology and fractal geometry [3] , or to describe the topology of fractal sets [4] . However there does not exist any mathematical foundation and formulation for a fractal topology.
The concept of fractal topology presented in this paper is a new concept derived from the fractal manifold model [1] . Indeed a fractal manifold is typically the kind of space that is naturally endowed with a fractal topology.
This paper presents in a preliminary part (section 2) an introduction to basic notions related to the fractal manifold and its properties [1] , [2] . The main results are given in a second part (section 3): we first give a definition of a fractal family of topological spaces, and of a fractal topology. Then we study the fractal manifold to determine its topology. function given by:
f i (t)dt for σ 0 = + (respectively σ 0 = −), and δ 0 ∈ R, (1) and we denote by Γ σ 0 i,δ 0 its associated graph.
We define the translation T δ 0 : Let us consider ε n ∈]0, 1[ for all n ≥ 0 such that ε 0 > ε 1 > . . . > ε n , ∀n > 0. We denote R 0 =]0, ε 0 ], and R n = [0, ε n ] for all n > 0. In the following we consider the nested real numbers δ 0 > δ 1 > . . . > δ n , ∀n > 0, and such that δ n ∈ R n for all n ≥ 0. by the translation T δ 0 .
Diagram A: δ0-manifold locally defined by a double homeomorphism.
Diagonal Topology
In the purpose to define a fractal manifold, we will use the notion of "diagonal topology" introduced in [1] . Let us consider in general a set E = ∪ ε∈I E ε union of topological spaces all disjoint or all the same, where T ε is the topology on E ε for all ε ∈ I, and where I is a bounded interval of R. Property 2.1 If A = ∪ ε∈I A ε and B = ∪ ε∈I B ε are two subsets of E = ∪ ε∈I E ε such that A ε and B ε are subsets of E ε for all ε ∈ I, then A∩B = ∪ ε∈I (A ε ∩ B ε ) and A∪B = ∪ ε∈I (A ε ∪ B ε ), where A ε ∩ B ε ⊂ E ε and A ε ∪ B ε ⊂ E ε for all ε ∈ I.
We can now define a diagonal topology on E = ∪ ε∈I E ε : Definition 2.2 We call diagonal topology on E = ∪ ε∈I E ε union of topological spaces all disjoint or all the same, the topology T d defined by
where T ε is the topology on E ε for all ε ∈ I. The topological space (E, T d ) is called diagonal topological space.
Remark 2.2
The diagonal topology T d is a topology on E since it satisfies the following axioms:
In the following, we will use the diagonal topology T d on any union of topological spaces all disjoint or all the same. Therefore we need some specific definitions related to the topology T d .
Definition 2.3
We call object of (E, T d ) a set X = ∪ ε∈I {x ε }, where x ε ∈ E ε for all ε ∈ I.
Therefore an object of (E, T d ) is a family of points that has a representative element in each E ε , ε ∈ I. Definition 2.4 Let us consider an object X = ∪ ε∈I {x ε } of (E, T d ). A subset ω of E is called a diagonal neighborhood of X if there exists Ω = ∪ ε∈I Ω ε ∈ T d such that Ω ⊂ ω and Ω ε is a neighborhood of x ε for all ε ∈ I. Definition 2.5 We say that E admits an internal structureX on an element P ∈ E if there exists a C 0 -parametric pathX :
such that for all ε ∈ I, Range(X) ∩ E ε = X (ε) , and there exists ε ′ ∈ I such that P =X(ε ′ ) ∈ E ε ′ . We call P a point of E.
Remark 2.3
The set Range(X) = ∪ ε∈I {X(ε)} is an object of E sinceX(ε) ∈ E ε ∀ε ∈ I.
We can define on the set of internal structures of E an equivalence relation which allows to talk about uniqueness of the internal structure. Definition 2.6 LetX andỸ be two internal structures of E. We say thatX ∼Ỹ if and
We send the reader to [1] for the proof of the following proposition:
Proposition 2.1X ∼Ỹ ⇔X =Ỹ .
Fractal-Manifold
We consider now an union M = δ 0 ∈R 0 M δ 0 of δ 0 -manifolds all disjoint or all the same, where the variable δ 0 varies in R 0 .
Definition 2.7 A fractal manifold is an union of Hausdorff topological spaces all disjoint or all the same M = δ 0 ∈R 0 M δ 0 , which satisfies the following properties: ∀δ 0 ∈ R 0 , M δ 0 is a δ 0 -manifold, and ∀P ∈ M, M admits an internal structureX on P such that there exist a neighborhood
× {δ 0 } for σ = ±, and there exist two families of maps (ϕ δ 0 ) δ 0 ∈R 0 and (
iii) The coordinates of an object Rg(X) ⊂ Ω related to the local chart (Ω, ϕ, T • ϕ) are the coordinates of the object ϕ(Rg(X)) in
Remark 2.4 1) An illustration of the fractal manifold M is given by the Diagram B:
Diagram B: Fractal manifold M locally defined by a double family of homeomorphisms.
2) We have on the set of internal structures of M the equivalence relation ∼ defined in Definition 2.6. Moreover M admits a unique internal structure at each point by the definition of fractal manifold, then M can be seen as the set of all equivalence classes for the equivalence relation ∼, and points of M can be assimilated to objects of M.
For sake of simplicity, let us introduce the following notations.
Notations:
1) For all n ≥ 0, for all δ 0 ∈ R 0 , . . . , δ n ∈ R n and σ 0 = ±, . . . , σ n = ±, we denote by N σ 0 ...σn δ 0 ...δn the following set:
where Γ σ 0 ...σn iδ 0 ...δn represents the graph of the function:
. . . iii) for n = 2 we have 8 graphs Γ
iv) more generally for n ≥ 0, we have 2 n+1 graphs.
2) We denote the set
Using the previous notations, we introduce the following theorem ( [1] ) that explains the internal chain react that gives the fractal nature to the fractal manifold: Theorem 2.1 If M is a fractal manifold, then for all n ≥ 0, and for all k ∈ [2 n , 2 n+1 −1]∩N, there exist a family of local homeomorphisms ϕ k and a family of translations T k such that for σ j = ±, j = 0, 1, ..., n, one has the 2 n diagrams at the step(n) given by Diagram C:
step (0) step (1) step (2) . . .
Diagram C: Expanding diagram of the fractal manifold M.
Remark 2.5 The manifold M defined in Definition 2.7 is called "Fractal Manifold" due to the theorem 2.1 that rises the appearance of new structures at each step (appearance of a new dimension δ i at each step). The number of new dimensions increases as the number of steps increases.
Main Results
The main objective is to prove that a fractal manifold has locally a fractal topology. Therefore we have to investigate the kind of structure necessary on a space in order to precisely define the notion of fractal topology.
Fractal Family of Topological Spaces and Fractal Topology
The first task is to define the general concept of fractal topology. In this purpose we need to introduce the notion of fractal family of topological spaces.
To compare diagonal topologies, it is convenient to introduce the following general definition: Definition 3.1 Let I be an interval of R, let (E = ∪ ε∈I E ε , T ) and (F = ∪ ε∈I F ε , T ′ ) be two diagonal topological spaces with diagonal topology respectively given by
where T ε and T ′ ε are respectively the topology on E ε and F ε for all ε ∈ I. We say that the diagonal topologies T and T ′ are equivalent if for all ε ∈ I the topologies T ε and T ′ ε are equivalent.
Definition 3.2 A fractal family of topological spaces is a family
ii) for all n ≥ 0 and for all j n ∈ Λ n , (X jn n , T jn n ) is a topological space. iii) for each n ≥ 0, the topologies T jn n are equivalent for all j n ∈ Λ n . iv) for all n ≥ 0 and for all j n+1 ∈ Λ n+1 , there exists a unique j n ∈ Λ n such that
and
v) for all n ≥ 0, for all j n ∈ Λ n , there exists j n+1 ∈ Λ n+1 such that
Example 3.1 Let us consider for example the index set
The number of topological spaces for successive iterations will increase together with the index n, and we have:
• for n = 0, the family of topological spaces is given by (X 1 0 , T 1 0 ), (X 2 0 , T 2 0 ).
• for n = 1, the family of topological spaces is given by (
• for n = 2, the family of topological spaces is given by
• more generally for n, the family is given by 2 n+1 topological spaces. is a fractal family of topological spaces, then for all n > 0 and for all j 0 ∈ Λ 0 , there exist j 1 ∈ Λ 1 , . . . , j n ∈ Λ n such that
Proof. For n = 1, by property v) of definition 3.2, there exists j 1 ∈ Λ 1 such that using (7) we have T
n−1 . By property v) of definition 3.2, there exists j n ∈ Λ n such that we have T j n−1 n−1 ⊂ T jn n , which completes the proof.
⊓ ⊔ Corollary 3.1 Under the condition of the proposition 3.1, the topology T j 0 0 is the weakest topology.
is a fractal family of topological spaces, then for all n > 0 and for all j n ∈ Λ n , there exist unique j 0 ∈ Λ 0 , . . . , j n−1 ∈ Λ n−1 such that
Proof. For i = 1 and j 1 ∈ Λ 1 , by definition 3.2 iv), there exists a unique j 0 ∈ Λ 0 such that
n+1 . By induction there exist unique j n−1 ∈ Λ n−1 , . . . , j 0 ∈ Λ 0 such that
n+1 , which gives the result.
is a fractal family of topological spaces, then i) for all n ≥ 0, j n ∈ Λ n and i > n, there exist j n+1 ∈ Λ n+1 , . . . , j i ∈ Λ i such that the topology T jn n is given by
ii) for all n ≥ 0, j n ∈ Λ n and i < n, there exist unique j n−1 ∈ Λ n−1 , . . . , j i ∈ Λ i such that
Proof. i) Let n ≥ 0 and j n ∈ Λ n . Using definition 3.2 v), there exists j n+1 ∈ Λ n+1 such that
By the same, for j n+1 ∈ Λ n+1 , there exists j n+2 ∈ Λ n+2 such that
n+1 , then using (13), there exists O n+2 ∈ T
n+1 . Therefore (12) becomes
By induction over i > n, suppose that (10) is true for i = N , with N > n, that is to say there exist j n+1 ∈ Λ n+1 , . . . , j N ∈ Λ N such that
Let us prove (10) for i = N + 1. For j N ∈ Λ N , using definition 3.2 v), there exists j N +1 ∈ Λ N +1 such that
ii) Let n ≥ 0 and j n ∈ Λ n . By definition 3.2 vi), there exists a unique j n−1 ∈ Λ n−1 such that T
By the same there exists a unique j n−2 ∈ Λ n−2 such that
Since in (18) O n−1 ∈ T j n−1 n−1 , then using (17) there exists O n ∈ T jn n such that
Then (18) becomes
By decreasing induction over i < n, suppose that (11) is true for i = N , with N < n, that is to say there exist unique j n−1 ∈ Λ n−1 , . . . , j N ∈ Λ N such that
Let us prove (11) for i = N − 1. Using definition 3.2 iv), for j N ∈ Λ N , there exists a unique j N −1 ∈ Λ N −1 such that i) For all n ≥ 0, for all j n ∈ Λ n and for all i > n, there exists j i ∈ Λ i such that
ii) For all n > 0, for all j n ∈ Λ n and for all i < n, there exists a unique j i ∈ Λ i such that
Proof. i) Let n ≥ 0 and j n ∈ Λ n . By applying proposition 3.3 i), for all i > n there exist j n+1 ∈ Λ n+1 , . . . , j i ∈ Λ i such that
By remark 3.1 a),
.
ii) Let n ≥ 0 and j n ∈ Λ n . By applying proposition 3.3 ii), for all i < n, there exist unique j n−1 ∈ Λ n−1 , . . . , j i ∈ Λ i such that
By remark 3.1 b), T
Thus (25) becomes T
be a fractal family of topological spaces.
i) For all j 0 ∈ Λ 0 , for all n > 0, there exists j n ∈ Λ n such that
ii) For all n > 0, for all j n ∈ Λ n , there exists a unique j 0 ∈ Λ 0 such that
Proof. i) We obtain the result by applying corollary 3.3 i) for n = 0 and i = n. ii) We obtain the result by corollary 3.3 ii) for i = 0.
is called fractal topology because of the following: 1) there is a self-similarity in the construction of the induced topology for each n ≥ 0. The topology for each value of n is obtained via the same process over bigger n. The subspace topology that X j 0 0 inherits from X j 1 1 is the same than the one it inherits from X j 2 2 , etc. 2) the more n increases, the more the topology T jn n is strong, because of the appearance of new structures for each n. 
Fractal Manifold: a Fractal Topological Space
Let us now examine the topological nature of a fractal manifold. Let M be a fractal manifold. To prove that M is locally homeomorphic to a fractal topological space, we need to determine the family of topologies associated to the family of sets δ 0 ...δn N σ 0 ...σn δ 0 ...δn given by theorem 2.1. 
Proof. For n = 0 and σ 0 = ±, the set N 
which makes δ 0 ∈R 0 N σ 0 δ 0 a diagonal topological space.
By induction over n ≥ 0, suppose that for σ 0 = ±, ..., σ n−1 = ±, the space N
is a Hausdorff topological space, and that the space δ 0 ...δ n−1 N σ 0 ...σ n−1 δ 0 ...δ n−1 is a diagonal topological space for the diagonal topology given by Definition 2.2:
for all δ 0 ∈ R 0 ,...,δ n−1 ∈ R n−1 . Using Theorem 2.1, there exist a family of local homeomorphisms ϕ k and a family of translations T k for k ∈ [2 n , 2 n+1 − 1] ∩ N at the step(n) such that we have 2 n diagrams given by: is a diagonal topological space for n ≥ 0, σ 0 = ±, ..., σ n = ±. Let n ≥ 0 and δ 0 ∈ R 0 , . . . , δ n ∈ R n . Since for σ n+1 = ±.
Proof. Let n ≥ 0 and δ 0 ∈ R 0 , . . . , δ n ∈ R n and σ 0 = ±, . . . , σ n = ±. By (3),
Therefore we have for σ n+1 = ± and i = 1, 2, 3 
Proof. Let n ≥ 0, σ 0 = ±, . . . , σ n = ±. By property 3.1, for all δ 0 ∈ R 0 , . . . , δ n ∈ R n , we have N
for σ n+1 = ±.
is the subset of
that corresponds to the value δ n+1 = 0. We deduce from (30) that for σ n+1 = ± 
By (35), we obtain
Since
is the diagonal topology on
given by (28), then
By substitution in (36), we obtain
Since by lemma 3.1,
Since for all δ 0 ∈ R 0 , . . . , δ n ∈ R n , O Notation: We denote for all n ≥ 0,
where the cardinal of Λ n is 2 n+1 , that is to say: 
where Λ n is given by (37) for n ≥ 0, is a fractal family of topological spaces.
Proof. We have to prove that the family (38) verifies the properties from i) to v) of the definition 3.2.
i) The cardinal of the index set Λ n is 2 n+1 and the cardinal of Λ n+1 is 2 n+2 , then the cardinal of Λ n+1 is strictly greater than the cardinal of Λ n for all n ≥ 0.
ii) For all n ≥ 0 and for all j n ∈ Λ n , the space δ 0 ...δn N jn δ 0 ...δn , T jn n is a diagonal topological space by proposition 3.4, then it is a topological space.
iii) For each n ≥ 0, the topologies T jn n are equivalent for all j n ∈ Λ n by proposition 3.5.
iv) Let n ≥ 0 and j n+1 ∈ Λ n+1 . By (37), there exist σ 0 = ±, . . . , σ n = ±, σ n+1 = ± such that j n+1 = σ 0 . . . σ n σ n+1 . By lemma 3.1, the unique j n ∈ Λ n such that
is given by j n = σ 0 . . . σ n , and T jn n is the induced topology given by (31). v) To prove that the condition v) of the definition 3.2 is satisfied by the family (38), we have to prove that T jn n ⊂ T j n+1 n+1 for all n ≥ 0. Let n ≥ 0 and j n ∈ Λ n . By (37), there exist σ 0 = ±, . . . , σ n = ± such that j n = σ 0 . . . σ n . By theorem 3.1, for σ n+1 = ± and j n+1 = σ 0 . . . σ n σ n+1 ∈ Λ n+1 , we have
Let us consider Ω ∈ T for all δ 0 ...δ n . By theorem 3.1, for σ n+2 = ± we have
then we have to find O ∈ T
. In this purpose, let us consider the set • for all δ 0 , . . . , δ n+1 and for
• for all δ 0 , . . . , δ n , for δ n+1 = 0, and
• for all δ 0 , . . . , δ n , δ n+1 = 0 and δ n+2 = 0, Ω Corollary 3.4 For all n ≥ 0 and for j n = σ 0 ...σ n ∈ Λ n , the topology T jn n is weaker than the topology T j n+1 n+1 for j n+1 = σ 0 ...σ n σ n+1 ∈ Λ n+1 . , then a local chart of M at the step(n) is given by a (Card Λ n+1 + 1)-
uplet.
Proof. For n = 0, using theorem 2.1 at the step(0), we have one diagram with a double homeomorphism, and the local chart is given by a triplet (Ω, ϕ 1 , T 1 • ϕ 1 ). For n = 0, Λ 0 = {σ 0 / σ 0 = +, σ 0 = −}, then Card Λ 0 = 2 = 2 1 . Then the local chart at the step(0) is given by a (2 1 + 1)-uplet, that is to say a (Card Λ 0 + 1)-uplet. At the step(1), using theorem 2.1, each local homeomorphism at the step(0) becomes a double local homeomorphism, and the local chart is given by a (2 2 + 1)-uplet
For n = 1, Λ 1 = {σ 0 σ 1 / σ 0 = ±, σ 1 = ±}, then Card Λ 1 = 2 × Card Λ 0 = 2 2 . Then the local chart is given by a (2 2 + 1)-uplet, that is to say a (Card Λ 1 + 1)-uplet.
By induction over n ≥ 0, suppose that the property is true at the step(n), that is to say: a local chart of M is given by a (Card Λ n + 1)-uplet, where Card Λ n = 2 n+1 .
Let us prove the property at the step(n+1): using theorem 2.1, each local homeomorphism at the step(n) becomes a double local homeomorphism at the step(n + 1), and the local chart is given by a (2 n+1 × 2 + 1)-uplet, that is to say a (2 n+2 + 1)-uplet.
Since Λ n+1 = {σ 0 . . . σ n σ n+1 / σ 0 = ±, . . . , σ n = ±, σ n+1 = ±} and Card Λ n = 2 n+1 , then Card Λ n+1 = 2Card Λ n = 2 n+2 .
Then a local chart at the step(n + 1) is given by a (Card Λ n+1 + 1)-uplet. ⊓ ⊔
Conclusion
We can wonder in which domain a fractal topology could be applied. The idea of a space-time that fluctuates at the microscopic level appeared in the 1960s [6] . Moreover it is known that the general relativity is unable to describe the topology of the universe. Accordingly new perspectives could be open by modeling the space-time by a fractal manifold together with its fractal topology. It could offer several valuable insights into a concrete description of an expanding space-time and enrich the field of the cosmic topology.
